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thrust-to-weight ratio covered in Table 1 is that for nonescape
from orbit (T/mg < !/z), whereas the range covered in Table 2
is a portion of that for escape (T/mg >1A). In both tables,
values of vehicle mass ratio obtained using Eq. (26) are listed
for two values of specific impulse, 250 s and 500 s. The lower
value is typical of those for solid rocket propellants, whereas
the higher value is about the maximum attainable using the
best liquid rocket propellants (hydrogen and oxygen). For a
vehicle in circular orbit around Earth at a radial distance of
4100 miles (6,598 km), the value of vV/ji is 850 s.

There is a direct application of the solution presented herein
to the problem of interplanetary transfer from the orbit of
Earth to that of Mars using solar radiation as a means of
propulsion.5 Since solar radiation pressure varies inversely as
the square of radial distance from the sun, as does the acceler-
ation of gravity due to the sun, the value of T/mg is constant
when the area of the solar sail and the total mass are fixed.
Thus, results of the kind presented in Table 1 apply directly.
However, since the orbit of Mars is considerably more eccen-
tric than the nearly-circular orbit of Earth, the value of r2/r{
can range from a minimum of about 1.38 to a maximum of
about 1.66, depending on the particular epoch. In the average
case, the value of ri/r\ is about 1.52, so that V2

2 = 0.65789,
T/mg =0.17, and Vji/r'Af = 4.8750. For a vehicle in circular
orbit around the sun at a radial distance equal to that of Earth
(93,000,000 miles or about 150,000,000 km), the value of
V/f/ji is 5.0298 x 106 s or 58.215 days. The travel time,
therefore, from the orbit of Earth to the midpoint (between
aphelion and perihelion) on the orbit of Mars using solar
radiation pressure for propulsion is found to be 58.215 d x
4.8750 = 283.8 days.

Conclusions
An analytic solution has been obtained for the effects of

continuous radial (vertical) thrust on the orbital motion and
mass loss of a vehicle initially in a circular orbit. It is found
that, with continuous application of radial thrust equal in
magnitude to a fixed fraction of the vehicle weight (as the
product of vehicle mass and the ambient acceleration of grav-
ity), the flight path can take one of two possible forms. If the
value of thrust-to-weight ratio is greater than one-half, escape
speed will eventually be reached along an unwinding spiral
trajectory. If the value of this ratio is less than one-half, the
vehicle will simply spiral out to a maximum altitude (apogee)
and then return along a symmetrical trajectory to its initial
position at the inception of thrusting. When the value of this
ratio is one-half, the spiral path to maximum altitude extends
to infinity. Formulas have been found for the orbital motion
and time of flight along each trajectory and for mass loss due
to expenditure of rocket propellant (based on the specific
impulse of the propulsion system).

where b = 2(T/mg - 1). Then, letting x = V2 so that dx = 2V
dK, Eq. (A3) becomes

(A4)dQ = x(x + b)/(l + b)~ x + b

which in turn, letting y - x + b so that dy = dx, becomes
I -1/2 j,.

dO =

by
(l + b)

This equation may be integrated according to a standard
formula6 to obtain

= sin >-by/(l
\y

which, after applying the limits of integration, yi = 1 + b and
y2 = v\ + b, yields finally

02 ~ 01 = A0 = 7T/2

- sin" n + b\ b)2 ( '
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Appendix: Derivation of Angular Rotation
The flight-path angle 7 is given by

drtan 7 = —Y rdO (Al)

with 0 being the angle of rotation about the planet so that

Jfl cos7dr (A2)

and, consequently, using Eqs. (8) and (13) with V{ - 1 and
7i=0,

1-1/2 Ay
b)/(\+b)-\ ° (A3)(V* + b)

Introduction

T HIS paper presents a trajectory design method for space
robots that has been developed by the author. A subse-

quent paper that applies the technique to a practical robot has
already been published.1

Robotic manipulators used in space applications are ex-
pected to operate under microgravity conditions.2-3 Base reac-
tions of a space manipulator are directly exerted on the sup-
porting space structure, which would be typically a space
vehicle (e.g., space shuttle) or a space station. It is desirable to
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Fig. 1 Link nomenclature.

make these reactions as small as possible in order to reduce
their influence on the dynamics of the supporting space struc-
ture. This will help in controlling the space structure, which is
a crucial consideration in its own right, in space applications.
Furthermore, in delicate experiments conducted in space, the
test specimen would have to be moved carefully without sub-
jecting it to excessive accelerations and jerks, but at reason-
ably high speeds. It follows that minimization of base reac-
tions and limitation of end-effector accelerations and jerks are
important performance objectives for space manipulators.

Dynamics
The method of joint trajectory generation developed in this

paper consists of two steps: 1) plan the end-effector trajectory
to satisfy the motion requirements of the pay load, and 2)
minimize the base reactions using redundant kinematics of the
manipulator, subject to the end-effector trajectory developed
in step 1. Given an end-effector trajectory, the objective in
step 2 would be to determine the joint trajectories that will
minimize a suitable cost function in base reactions. Equations
for base reaction forces and moments expressed in terms of
the joint trajectories are needed here.

Consider /th link of an «-link manipulator as shown in Fig.
1. The Newton-Euler equations for this link consist of the
force-momentum equations,

d_
dt (1)

and the moment-angular momentum equations about the cen-
troid Cf of the link,

_! - rcu
d_

' dt (2)

Here, /•_ i is the force vector at the /-1th joint of the /th link,
7V/_ i the moment (torque) vector at the /-1th joint of the /th
link, g the vector representing acceleration due to gravity, m/
the mass of the /th link, Ici the moment of inertia matrix of the
/th link about C/, vci the velocity of the centroid of the /th
link, «/ the angular velocity of the /th link, and ra>b the posi-
tion vector from point a to point b.

All vectors are expressed in the base frame. The forces and
the moments at the /th joint of the /th link are —/ and — TV/,
respectively, as dictated by Newton's third law.

Next, by substituting

rci>i_l = /•/_!- rc/, and rci>/ = r/ - rci

in Eq. (2), and on using Eq. (1), one obtains

Ni-i-Ni+ r / _ i x/_! -r/ x/- -r^

\-[dt (mf vci) - nig I = — (/„•«/) (3)

It is clear that the inertia matrix Ici is constant with respect to
a body frame fixed to the /th link. Accordingly, since this
body frame has an angular velocity «/, we have

(4)

By substituting Eq. (4) and (3), one gets

Nt. I-NI+ i*/-1 x/-_ i - RI xfi

X (Vci — g) = /C/W/ + «/ X (7c/tt/) (5)

For the n links of the manipulator there are n equations in Eq.
(1) and n equations in Eq. (5). An equation for the base
reaction force is obtained by summing the n equations given
by Eq. (1); thus,

/ o = E/ = i
t (vci - g) (6)

Similarly, by summing the n equations in Eq. (5) and using the
fact that r0 = 0 (see Fig. 1), the equation for the base reaction
moment is obtained; thus,

«•«; + «/ x (/««/) + (vCi ~ (7)

For the present purposes Eqs. (6) and (7) have to be expressed
in terms of joint trajectories. The required kinematic relations
are as follows:

Angular velocities

Angular accelerations

&i = iji and /_ i x (9)

Note that the scalars qf and §/ are joint angular velocities and
joint angular accelerations, which are "relative" variables.
They must be expressed as vectors £/.and §/ in the base frame,
when using Eqs. (8) and (9).

Rectilinear velocities:

v0 = 0, x r/_ 1§c/

(10)

Rectilinear accelerations:

a0 = 0

Vd = <*i- 1 + «/ x r/_ itCi + w/ x (w/ x r/_ l fd)

ai = a/- 1 + «/ x /•/_ ,,/ + Ui x (w/ x r/_ u) (1 1)

Equations (6-11) express the base reactions in terms of q\ q,
and q. Note that q does not explicitly appear in these equa-
tions but is present in the vectors rc/, r/_ \td and r/_ \ti through
the coordinate transformations that are necessary to express
these vectors in the base frame.4
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Base Reaction Minimization
A suitable measure for the base reaction would be the

weighted quadratic cost function

J = RT QR

in which the reaction vector R is given by

(12)

(13)

and Q is a positive-definite (typically diagonal) weighting ma-
trix that takes into consideration not only the relative impor-
tance of each forcing component but also the dimensional
incompatibility that exists between f0 and N0.

An alternative cost function would be the time integral of J
over the trajectory duration.5 This alone is not acceptable in
the present problem because it would not appropriately in-
clude the severity of short-term impulsive-type base reactions.
Instead, the proposal is to segment the entire trajectory into
small steps and minimize / [Eq. (12)] during each step.

Suppose the end-effector trajectory is expressed in the usual
manner as a sixth-order vector v(t) containing the position
(three elements) and orientation (three elements) of a body
frame attached to the end effector. The incremental joint
motion $q that would be necessary to provide a required
increment By in the end-effector motion, is given by

dy. = Jdq (14)

in which / denotes the 6 x n Jacobian matrix of the manipu-
lator.4 With redundant kinematics we have n > 6. The veloc-
ity relationship corresponding to Eq. (14) is

v = J q

and the acceleration relationship is

d/
a=~q+J

(15)

(16)

in which v = y = end-effector velocity and a = v = end-effec-
tor acceleration. Note that Eq. (15) can be written in the index
form v/ = /// qj that, when differentiated becomes a/ = (d/dt)
(Jjj) qj + Jij qj9 which is indeed equivalent to Eq. (16).

In utilizing the redundant kinematics to minimize Eq. (12),
suppose that

rank/ = 6 (17)

Also, without loss of generality, suppose that the first six
columns of/are linearly independent. This simply depends on
the order in which the joint coordinates are arranged in q.
Accordingly, as in the generalized inverse method given in
Ref. 6, the Jacobian matrix can be partitioned into

= [Jn JA (18)

in which /„ is a nonsingular 6 x 6 matrix corresponding to a
set of independent joint coordinates qn, and Jr is a 6 x
(n — 6) submatrix corresponding to a particular choice of
redundant joint coordinates qr. Similarly, the vector q is parti-
tioned according to

=[;;]
Consequently, Eqs. (14-16) become

dy = Jndqn + Jrdqr

v = /„ qn + Jr qr

(19)

(20)

(21)

dJn dJr

~*n+~*r+ Jn *n (22)

Since Jn is nonsingular, Eqs. (20-22) can be used to express the
nonredundant joint motion variables in terms of the redun-
dant joint motion variables

(23)

(24)

dt
(25)

The derivatives dJn/dt and dJr/dt remain to be expressed in
is of Qr. To accomplish this, suppose that

d/ \dJn
~ At ~~ \ At

Consider the general element Ly in
expressed as

(26)

matrix L. This can be

in which the gradient operator

_|_a_ _a_ j_]r

Note that

A _ _
9n~ '

(27)

(28)

It follows that Ly = (A97! Jy)T ijn + (A?r 7y )r qr which, in view of
Eq. (24), becomes

„- ' /rl <7, (29)

Optimization Scheme
Suppose that the end-effector trajectory is divided into a

number of steps. For convenience, assume that the duration of
each step is the same even though this assumption is not
essential to the scheme to be described.

First, it is necessary to express the cost function Eq. (12) in
terms of a set of independent parameters that could be chosen
to minimize /. A desirable option would be to use dqr for this
purpose, in each time step. But the dependence of qr, qr, and
qr on a particular choice of bqr should be taken into account.
Of course, the dependence of 5qn, qn, and qn on these parame-
ters is explicitly included in the analysis through Eqs. (23-25)
along with Eq. (29). The joint trajectory at an arbitrary time
t within an arbitrary step may be expressed as q = q0 + [dqn
dqr]T

9 in which q0 is the value of q at the start of the step.
Now, substituting Eq. (23), one obtains

(30)

Note that the subscript zero identifies quantities evaluated at
the known starting point (00) of the trajectory step, and 1
denotes the identity matrix of size r x r.
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Furthermore, Eq. (30) can be expressed as

In the present optimization scheme, the parameters of opti-
mization are the elements of a (w-6) x m matrix C that
satisfy the equation

(31)

in which /(/) is a known set of (m) shape functions that is used
to represent the variation of qr within a trajectory step. Then,

(32)

(33)

Without loss of generality t may be set to zero at the start of
each step.

Using Eqs. (31-33) it is possible to express the cost function
Eq. (12) in terms of the unknown coefficient matrix C. Then,
the optimization scheme would proceed as follows: 1) Divide
the end-effector trajectory y(t) into a sufficiently large num-
ber of segments; 2) for a known initial configuration of the
manipulator, obtain C that will minimize the cost function /at
the end point of the segment; 3) compute the joint trajectory
over the segment using Eq. (33), base reactions using Eqs. (6)
and (7), and the cost function using Eq. (12); and 4) go to the
next segment of the trajectory and repeat steps 2 and 3. Stop
if the end of the trajectory is reached.

Selection of the end-effector trajectory is discussed in the
next section. Choice of the shaping function vector f(f) de-
serves some discussion. An appropriate choice would be

(34)= [1, t, t2/2l,..., tm~l/(m -

With this choice, the first three columns of the C matrix
become the joint velocity vector, the joint acceleration vector,
and the joint jerk vector, respectively, at the start of the
present trajectory segment. Another option would be to em-
ploy trigonometric functions in/(0, as in Rayleigh-Ritz tech-
niques.5 As long as the trajectory segments are sufficiently
small and/or size of C is sufficiently large, any reasonable
choice for /(/) should produce satisfactory results.

At the starting point of the trajectory, the manipulator
configuration is not unique, due to the presence of redundant
degrees of freedom. It might be possible to use this redun-
dancy in the first segment of optimization to further reduce
the base reactions. One way to handle this is to employ the
joint coordinates of the starting configuration of the manipu-
lator as an additional set of optimization parameters, subject
to the constraints given by the (nonlinear) kinematic equations
of the manipulator for the starting position and orientation of
the end effector.

End-Effector Trajectory Generation
A convenient method of limiting acceleration and jerk of

the end-effector trajectory in space-based delicate experi-
ments, is to employ curtate-cycloidal motions.7 Consider the
motion from a specified starting position and orientation to a
specified end position and orientation of the end effector.
Barring work-space constraints, a simple way to execute the
corresponding motion is to move the origin of a body frame
fixed to the end effector, along a straight line and continu-
ously rotate this frame with respect to the base frame so that
the required final orientation is reached at the end point of the
path.

Suppose that the position along the straight-line path of the
end effector is denoted by y. It is possible to change the
orientation of the end-effector frame using a rotation 8 about
an axis w fixed in direction with respect to the base frame. The
straight-line path and the axis of rotation w can be established

beforehand, once the initial and final positions and orienta-
tions are known. Then the end-effector trajectory would be
completely defined by y(t) and 0(t). Both y(t) and 0(0 are
varied according to curtate cycloids and are synchronized.
Specifically, the velocity v = y and the angular velocity o? = 0
are defined in the parametric form by

(35)

(36)

(37)

b,(\- cos/7)

= b2 (1 - cos/?)

t(p) = a (p - c sin/7)

, and 2?r>/7>0

in which p is a parameter that defines the evolution of time t
during motion. The starting point (p = 0) and the end point
(p = 2-jr) are assigned zero velocities and zero angular veloci-
ties. The duration of excursion is given by

T = 2ira (38)

Without loss of generality, starting values of y and 0 can be
assumed zero. The position and orientation at time t are
obtained by integrating Eqs. (35) and (36) using these initial
conditions. This gives

y = ah {[I + (c/2)]/7 - (c + 1) ship + (c/4) sin2/7} (39)

0 = ab2{ [1 + (c/2)J/7 - (c + 1) sin/7 + (c/4) sin2p j (40)

Note that the final position and orientation are given by

y(T) = abill + (c/2)] 2ir (41)

0(T) = ab2[l + (c/2)] 2* (42)

Linear and angular accelerations a and a. are obtained by
differentiating Eqs. (35) and (36); thus,

b\ sin/7
a(l — c cos/7)

b2 sinp
a(l — c cos/7)

The maximum acceleration values are

and both occur at the same instant given by

A/max = COS" ! C

Linear and angular jerks a and a are given by

b{ (cos/7 -c)
a(p) = —a2 (1 — c cos/?)3

b2 (cos/7 — c)
a2(l -c cos/?)3

(43)

(44)

(45)

(46)

(47)

(48)

(49)

These jerks remain finite throughout the trajectory as desired.
There are four stationary values for each jerk expression. The
largest magnitudes, however, would be given by

a\\ - c)2 (50)
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- c)2 (51)

These occur at the end points of the trajectory (p = 0 and
p-2i).

Once the end-effector trajectory is defined in this manner by
Eqs. (39) and (40), it is a straightforward task to express the
vectors y, v, and a that are needed in Eqs. (23-25), (29), and
(33), for example. Specifically, if the unit vector along the
end-effector path is u and the unit vector representing the
fixed axis about which the rotation 0 is made is w>, both
expressed in the base frame, then

-[' "1L W H>J

•- ' "1\_0t W]

(52)

(53)

(54)

in which y, 0, v, co, a, and ot are as expressed by Eqs. (39),
(40), (35), (36), (43), and (44).

Conclusions
Design of the end-effector trajectory of a robotic manipula-

tor according to motion specifications such as acceleration
and jerk limits, and the design of the joint trajectories to
minimize base reactions have been developed in this paper.
The techniques presented have potential applications in space
manipulators. Curtate cycloids were used to represent the
end-effector motion. These have the benefits of finite acceler-
ation and finite jerk. Kinematic redundancy is exploited in
designing joint trajectories that will minimize a quadratic cost
function in base reaction components. An application of the
technique is given in Ref. 1.

The question of whether the corresponding results are
global will be addressed in future work. Also, the effect of
using alternative cost functions, such as a quadratic integral
function, needs to be studied. In this paper, we have not
addressed the problem of whether the actuators are capable of
generating the torques required by the trajectory.8 The sensi-
tivity of the weighting matrix in emphasizing certain reaction
components is being investigated.8 In the example given in this
paper, polynomial shape functions were used to represent
redundant-joint trajectories. The potential advantages and
possible disadvantages of using other types of shape functions
should be studied as well.

Acknowledgments
This work was carried out during April through June of

1987 at the Structural Dynamics Branch of the NASA Lewis
Research Center, and was supported through a NASA-Ameri-
can Society of Engineering Education Fellowship awarded to
the author.

References
!De Silva, C. W., Ching, C. L., and Lawrence, C., "Base Reaction

Optimization of Robotic Manipulators for Space Applications," Pro-
ceedings of the 19th International Symposium on Industrial Robots,
Springer-Verlag, New York, Nov. 1988, pp. 829-852.

2Quinn, R. D., and Lawrence, C., "Robots for Manipulation in a
Microgravity Environment," Sixth VPI & SU/AIAA Symposium on
Dynamics and Control of Large Structures, Virginia Polytechnic Inst.
and State Univ., Blacksburg, VA, June 1987.

3Longman, R. W., Lindberg, R. E., and Zedd, M. F., "Satellite-
Mounted Robot Manipulators—New Kinematics and Reaction Mo-
ment Consideration," International Journal of Robotics Research,
Vol. 6, No. 3, 1987.

4Asada, H., and Slotine, J. J. E., Robot Analysis and Control,
Wiley, New York, 1986, Chap. 5, pp. 93-131.

5Schmitt, D., Soni, A. H., Srinivasan, V., and Naganathan, G.,
"Optimal Motion Programming of Robot Manipulators," ASME
Journal of Mechanisms, Transmissions, and Automation in Design,
Vol. 107, June 1985, pp. 239-244.

6Fenton, R. G., Benhabib, B., and Goldenberg, A. A., "Optimal
Point-to-Point Motion Control of Robots with Redundant Degrees of
Freedom," Journal of Engineering for Industry, Vol. 108, May 1986,
pp. 120-126.

7Shigley, J. E., Theory of Machines and Mechanisms, McGraw-
Hill, New York, 1980.

8De Silva, C. W., Control Sensors and Actuators, Prentice-Hall,
Englewood Cliffs, NJ, 1989, Chaps. 4, 6, 7, pp. 151-153, 263-428.

Jacob! Method
for Unsymmetric Eigenproblems
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Introduction

THE complete solution of the eigenvalue problem via the
Jacobi method is widely used in symmetric problems.

Moreover, where the problem can be stated as the product of
two symmetric matrices, as in problems of dynamics, a solu-
tion consisting of two Jacobi solutions is common practice.
This paper offers a complete solution of the unsymmetric
problem via a variation of the Jacobi method. The eigenvalues
emerge in algebraic order, and there is no restriction of sym-
metry in the problem. Proof of convergence is included.

In the matric expression

AV = VD (D

V and D are the matrices of eigenvectors and eigenvalues of
the nondegenerate matrix A. Of course, D is a diagonal matrix.

Matrices V and D may be found by way of matrices X, an
orthogonal matrix, and A, a triangular matrix that contains
the eigenvalues of A on its diagonal, such that

AX = XA (2)

Let Y be the matrix of eigenvectors of A. Then,

AY=YD (3)

or

A=YDY~l

Equations (2) and (4) may be combined to get

AX = XYDY~l

or

AXY = XYD

(4)

(5)

(6)
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